CS 601 Exam 1 Solution
Fall 2004
Solve any 5 of these 6 problems, or try all 6 for extra credit if you have time.

1. Solve each of these recurrences to obtain T(n) as a  function of n.  Provide a brief convincing justification for each answer.
a. T(n) = 256 T(n/4) + 5n4 + 6n3 + 7n2 + 8n + 9

Ignore the lower order terms and invoke the master recurrence theorem:
a=256, b=4, i=4 ( 256=44 ( T(n) = ((n4 lg n)
b. T(n) = 3 T(n–1) + 3n
T(n) = 3 [3 T(n–2) + 3n-1] + 3n
     = 32 T(n–2) + 2*3n
     = 32 [3 T(n–3) + 3n-2] + 2*3n
     = 33  T(n–3) + 3*3n
     = ... = 3k  T(n–k) + k*3n
     = 3n  T(0) + n*3n (when k=n)
     = ((n*3n)
2. Professor Know-it-all claims that the algorithm PERMUTE shown below produces a uniform random permutation, that is, each possible permutation of the array A has an exactly equal probability of occurring.  Determine whether or not the Professor’s claim is correct, and provide a brief convincing justification to support your answer.
PERMUTE (array A[1...n])

for i ( 1 to n do


{ j ( Random(1,n); Swap(A[i], A[j]); }
The claim is not correct.  If it were correct, then Algorithm PERMUTE must produce each permutation with exactly 1/n! probability, because there are n! possible permutations.  Note that algorithm PERMUTE calls the Random function n times, and each time there are n equally likely outcomes, so there are nn equally likely sequences of calls to the Swap function.  Consider any n≥3.    nn is not a multiple of n!, so every permutation cannot occur with exactly 1/n! probability.  For example, when n=3, we know that 27 is not a multiple of 6, so each permutation cannot occur with probability exactly 1/6, because that would require that each permutation must occur exactly 4.5 times in the 27 sequences.  [ 3 of the 6 permutations occur 4 times, and the other 3 each occur 5 times. ]
3. Design a randomized numerical integration algorithm whose output converges to the value of ln c (which is same as loge c) when given any specified input value c>1.
We want a region whose area is ln c.  One such region is the area under the curve y=1/x, between x=1 and x=c, because 
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 = ln c – ln 1 = ln c.   This region lies inside the rectangular region between 1≤x≤c and 0≤y≤1, which has area c-1.  This yields the randomized algorithm:
Randomized_ln(c) {

count ( 0;

repeat n times {


x ( Random(1,c); 
// assume Random returns floating value


y ( Random(0,1); 


if (y ≤ 1/x) count++;

}


return (c-1)*count/n;

}

The output converges to the desired value: limn(( Randomized_ln(c) = ln c.
4. Trace the deterministic worst-case ( (n)-time median selection algorithm to find the median of the array shown below with 25 elements.  For each recursive call after the initial call, it is sufficient to just show the parameters and then show the return value.
	12
	54
	17
	71
	19
	92
	73
	81
	86
	90
	38
	55
	44
	53
	31
	64
	78
	97
	82
	65
	28
	45
	27
	46
	20


Call Select(A, (1+25)/2) = Select(A, 13) where A is the above array.

Split array A into 25/5 = 5 groups with 5 elements in each group.

Group 1 ( median(12, 54, 17, 71, 19) = 19.

Group 2 ( median(92, 73, 81, 86, 90) = 86.

Group 3 ( median(38, 55, 44, 53, 31) = 44.

Group 4 ( median(64, 78, 97, 82, 65) = 78.

Group 5 ( median(28, 45, 27, 46, 20) = 28.

Let array of medians M = (19, 86, 44, 78, 28) which has size 5.

Call Select(M, (1+5)/2) = Select(M, 3) = 44.

Partition array A into arrays L, E, G using value x=44:

L = (12, 17, 19, 38, 31, 28, 27, 20) has size 8.

E = (44) has size 1.

G = (54, 71, 92, 73, 81, 86, 90, 55, 53, 64, 78, 97, 82, 65, 45, 46) has size 16.

Call Select(G, 13-8-1) = Select(G, 4) = 54.

Return 54.

5. Recall that the dimensions of a matrix chain product M1 ( M2 ( … ( Mn can be stored in an array D[0…n].  Professor Know-it-all claims that each of the two algorithms below will always yield an optimum parenthesization of this matrix chain.  For each algorithm, either provide a brief convincing justification why the algorithm does always yield an optimum solution, or else provide a counterexample and show that the Professor’s claim is false.
a. First multiply Mk by Mk+1, where D[k] is the smallest dimension from D[1…n(1], and then continue in the same way until the entire product has been evaluated.

The claim is not correct.  Construct a counterexample when n=3 as follows.

Denote the dimensions by D[0]=w, D[1]=x, D[2]=y, and D[3]=z.


The claim states that if x<y then w*x*y + w*y*z < x*y*z + w*x*z.


However, this is not always true, for example consider w=4, x=2, y=3, z=1.


In this case, 4*2*3 + 4*3*1 = 36, but 2*3*1 + 4*2*1 = 14.
b. First multiply Mk by Mk+1, where D[k] is the largest dimension from D[1…n(1], and then continue in the same way until the entire product has been evaluated.

The claim is not correct.  Construct a counterexample when n=3 as follows.


Again denote the dimensions by D[0]=w, D[1]=x, D[2]=y, and D[3]=z.


The claim states that if x>y then w*x*y + w*y*z < x*y*z + w*x*z.


However, this is not always true, for example consider w=4, x=3, y=2, z=1.


In this case, 4*3*2 + 4*2*1 = 32, but 3*2*1 + 4*3*1 = 18.
6. Design and analyze an efficient dynamic programming algorithm that counts the number of distinct binary search trees that can be formed using a given set of n distinct values {x1, x2, …, xn} where x1 < x2 < … < xn.  It is sufficient to just write the recursive formula, and then state the running time of an efficient dynamic programming implementation of this formula.

Define Count(n) = the number of distinct binary search trees that can be formed using n distinct values {x1, x2, …, xn} where x1 < x2 < … < xn.
Note that if some particular value xk were known to belong at the root node, then there are k-1 values in the left subtree and n-k values in the right subtree, so there would be Count(k-1)*Count(n-k) ways to construct such a tree.

This observation yields a recursive formula:
Count(n) = (1≤k≤n Count(k-1)*Count(n-k) whenever n>0, and Count(0) = 1.
Here is an efficient implementation as a dynamic programming algorithm:

Count[0] ( 1;
for m ( 1 to n do compute Count[m] according to the above summation;
return Count[n];

Finally the running time of this algorithm is T(n)= ((1+2+...+n)= ((n2).
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