CS 601 Exam 1 Solution
Spring 2005
Solve any 5 of these 6 problems, or try all 6 for extra credit if you have time.

1. Solve each of these recurrences to obtain T(n) as a  function of n.  Briefly justify each answer.
a. T(n) = 4 T(n/2) + 1
Master recurrence: a=4, b=2, i=0. log2 4 = 2 > 0. T(n)=((n2).
b. T(n) = 4 T(n/4) + n

Master recurrence: a=4, b=4, i=1. log4 4 = 1. T(n)=((n lg n).
c. T(n) = 2 T(n/4) + 1
Master recurrence: a=2, b=4, i=0. log4 2 = ½ > 0. T(n)=((n1/2).
d. T(n) = T(n/2) + T(n/4) + T(n/8) + n
Obviously T(n) = ((n) due to last term.

Guess T(n) = cn and prove as follows:

cn = cn/2 + cn/4 + cn/8 + n.

cn/8 = n.

So c = 8 and T(n) = ((n).
2. Show how to efficiently compute the value of F(4,4) given this recursive definition:
	F(x,y) = {
	x + y
	if x=0 or y=0,

	
	F(x(1,y) + F(x,y(1) + F(x(1,y(1)
	otherwise.


	0
	1
	2
	3
	4

	1
	2
	5
	10
	17

	2
	5
	12
	27
	54

	3
	10
	27
	66
	147

	4
	17
	54
	147
	360


3. Define a majority value of an array to be a value that appears in more than half of the array’s locations.  Therefore any array can contain at most one majority value.  Given an array A of size n, design a ((n)-time deterministic (non-randomized) algorithm that determines whether or not array A contains a majority value and, if so, then your algorithm should also find this value.  Briefly justify your answer.
// first locate the median value of A in only ((n) time
m ( Select(A,(n+1)/2);
// so now the only possible choice for a majority value is m
count ( 0;

for j ( 1 to n do


if (A[j]==m) count++;

if (count>n/2)

print (“The majority value is ”, m);

else

print (“The array has no majority value”);
4. Modify the preceding problem as follows:  Design a simpler ((n)-time randomized algorithm that determines whether or not the array A of size n contains a majority value and, if so, then your algorithm should also find this value.  Your algorithm should have a one-sided error probability of at most 1/2k for arbitrarily specified positive integer k.  Briefly justify your answer.
repeat k times {


// choose a value randomly from the array
m ( A[random(1,n)];

// if the array contains a majority value, then it must be m with probability > ½
count ( 0;

for j ( 1 to n do



if (A[j]==m) count++;

if (count>n/2) {

print (“The majority value is ”, m);
return;

}
}

// if the array contains a majority value, then we reach here with probability < ½ k
print (“The array has no majority value”);
5. Let X, Y, Z denote three strings.  Suppose functions LCS(X,Y) and LCS(X,Y,Z) return a longest common subsequence of two strings and three strings, respectively.    Write three strings X, Y, Z such that LCS(X,Y,Z) must be longer than each of these:  LCS(LCS(X,Y),Z) and LCS(LCS(X,Z),Y) and LCS(LCS(Y,Z),X).  Briefly justify your answer.  [For maximum possible credit, the length of each of X, Y, Z should be at most 5.]
X = “bbacc”
Y = “ddabb”
Z = “ccadd”

To verify that these strings satisfy the stated criteria:
LCS(X,Y,Z) = “a”
LCS(LCS(X,Y),Z) = LCS(“bb”,Z) = “”
LCS(LCS(X,Z),Y) = LCS(“cc”,Y) = “”
LCS(LCS(Y,Z),X) = LCS(“dd”,X) = “”
6. Let G be a directed graph with vertices {1,2,...,n} and let a, b denote two vertices.  Suppose the probability that G contains an edge a(b is given by P(a,b) if a < b, and 0 otherwise.  Let E(a,b) denote the expected number of different paths from a to b.  Write a recursive formula that evaluates E(a,b) for all a, b.  Also write and analyze an efficient dynamic programming algorithm that computes all the E(a,b).
E(a,b) = 0 if a>b




// because no such paths exist
E(a,b) = 1 if a=b




// only the empty path exists
E(a,b) = (a≤x<b E(a,x)*P(x,b) if a<b
// x is predecessor of b along path
for a ( 1 to n do

for b ( 1 to n do {


E(a,b) ( 0;



if (a==b) E(a,b) ( 1;



for x ( a to b-1 do



// loop has no iterations if a ( b



E(a,b) += E(a,x)*P(x,b);

}
T(n) = ( (n3) due to the three nested loops.
